The semiclassical Coupled-Channels calculations in heavy-ion fusion reaction for the systems 40 Ar+ 110 Pd and 132 Sn+ 48 Ca are discussed. Fusion cross section , and fusion barrier distribution are calculated using a semiclassical approach based on the method of Alder and Winther for Coulomb excitation. A full quantum Coupled-Channels calculations are performed using CCFULL code with all order coupling for the sake of comparison with our semiclassical approach. The results obtained from our semiclassical calculations are compared with the available experimental data and with full quantum Coupled-Channels calculations. The comparison with the experimental data showed that the semiclassical approach including Coupled-Channels, is able to reproduce the fusion cross section below and above the Coulomb barrier and very close to the calculations of full quantum Coupled-Channels calculations suggesting that this semiclassical approach might be used as a substitute for full quantum Coupled-Channels method.
Introduction
The study of heavy-ion fusion (HIF) has received wide attention in recent years due to the fact that the fusion cross section can give information on nuclear structure as well as on the formation of quasimolecular resonances. In the past, such studies were not possible due to the experimental difficulties in measuring very small values of for sub-barrier fusion. In recent experiments, the fusion cross sections can be measured with good accuracy for nuclei with a wide range of mass numbers and energy of the projectile [1, 2] . In a collision between two ions the process that brings them to form a single composite system is called fusion. The simplest description of this process considers the two ions as rigid spherical objects that interact via a repulsive, Coulomb, plus an attractive, nuclear, potentials depending only on the relative center-of-mass distance. It is also known that (HIF) plays a special role in the so-called fusion-evaporation reaction that leads to the formation of heavy or super-heavy elements (SHE) [2, 3] . Fusion is in this model, described as the ability of the system to penetrate the potential energy barrier [1, 4] . To the theorists it remains a challenge as to how well the experimental data can be explained by potential model calculations. Obviously, the theoretical models are bound to be complicated due to the complex nature of the structure of the colliding nuclei and the presence of many different reaction channels [1] . The semiclassical approach adopted in the present study were first proposed by H. D. Marta et al. [5] . Very recently, F. A. Majeed et al. [6] employed the semiclassical approach on some selected systems involving halo nuclei, they had proved that the semiclassical approach is very successful for the calculation of the fusion reactions when the coupled channel to the continuum is taken into consideration. The aim of the present study is to employ a semiclassical approach based on the Alder and Winther method [7] originally used to treat the Coulomb excitation of nuclei. The semiclassical approach has been implemented and coded using FORTRAN programming language codename (SCF) which has been used for the calculation of the total fusion cross section (mb) and the fusion barrier distribution (mb/MeV) for the systems 40 Ar+ 110 Pd and 132 Sn+ 48 Ca. The results obtained will be compared with the full quantum CoupledChannels calculations using the computer code CCFULL [8] , and with the available experimental data to test the success or failure of this semiclassical approach in heavy-ion fusion reactions.
Semiclassical Coupled Channels
The reactions between heavy ions treated by semiclassical approach is quite often used in [9] to describe the dynamics of heavy ion collisions, two utilizes the facts that the wavelength associated with the relative motion of the centers of mass of the colliding nuclei is very small and very large angular momentum values are contributing to the cross section [9, 10] . In general, nuclei participating in a collision may undergo internal excitations and different particle transfer processes that affect their fusion cross section. The reaction process in such cases involves the active participation of several degrees of freedom which must be included in its description [11] . The appropriate theoretical tool to handle this problem is the coupled-channels method. However, its implementation becomes very complicated for the breakup channel, which is especially important in the case of weakly bound nuclei, since it involves an infinite number of states in the continuum. For practical purposes, it becomes necessary to approximate the continuum by a finite set of states, as in the Continuum Discretized CoupledChannels method (CDCC) [12] . If we denote by r the projectile-target separation vector in a collision process, and by stands the set of intrinsic coordinates that characterize the internal structure of the projectile and target nuclei, the general Hamiltonian for this system is [13] .
where 0 describes the relative motion between the center of masses of the two nuclei involved in the collision, ℎ( ) the internal states of each of them, and ( , ) the interaction between those degrees of freedom [12] . The eigenvectors of ℎ( ) are given by the equation [14, 15] ℎ| ⟩ = | ⟩.
(2)
The method developed by Alder and Winther for the study of Coulomb excitation consists of treating the relative motion by classical mechanics with the potential ( ) = ⟨ 0 | ( , )| 0 ⟩ where 0 is the ground state of the projectile using the trajectory, the coupling interaction becomes a time-dependent interaction in the − space, ( , ) = ( ( ) , ) whereas the intrinsic motion is handled as a time-dependent Quantum Mechanics problem [12, 15] . The internal wave function for the excitable nucleus is found by solving the Schrödinger equation for the time dependent Hamiltonian [14] 
Expanding the wave function in the basis of intrinsic eigen states
and inserting this expansion into the Schrödinger equation for ( , ), one obtains the AW equations.
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These equations should be solved with initial conditions ( , → −∞) = 0 which means that before the collision ( → ∞) the projectile was in its ground state. The final population of channel in a collision with angular momentum is | ( , → −∞)| 2 and the cross section is [14]
The AW method can be extended to evaluate the fusion cross section as follows. The starting point is the general expression for the fusion cross section in multichannel scattering
with the fusion probability for the ℎ -partial-wave in channel given by
In the equations above, ( , ) represents the radial wave function for the ℎ -partial-wave in channel and is the absolute value of the imaginary part of the optical potential in this channel arising from fusion. To use the AW method to evaluate the fusion section, we make the approximation [12] ( ) ≃ ̅ ( )
where ( ) is the probability that a particle with reduced mass 0 = 0 ( + ) ⁄ and energy = − tunnels through the potential barrier in channel and ̅ the probability that the system is found in channel at the point of closest approach on the classical trajectory. The coupled-channels method described in [4] is able to provide a complete description of the HIF process because the collective properties of colliding nuclei are taken into consideration. However, due to the complexity of this approach, namely the calculation of the coupling Hamiltonian, it is always useful to have an approximative solution for estimating fusion cross-sections. Within a semiclassical framework, for two spherical colliding nuclei, the penetrability probability can be evaluated by using the Wentzel-Kramers-Brilouim (WKB) approximation, which reads [4] 
where and denote the inner and outer classical turning points satisfying the relation V( ) = V( ) = E An improved version was yet proposed by Kembles expression [16] in the case of the parabolic barrier, which is valid for both sub-barrier and above-barrier energies. It is exactly given by
Here, V (r) is the total potential energy defined by
The diffuseness parameter and the radius parameters are the same as those in the Akyz-Winther potential. Fusion cross-sections were also estimated by the onedimensional WKB approximation. In the literature, other analytical approximations have also been employed for the HIF calculations, for instance, the famous Wong formula obtained using the Hill-Wheeler ansatz (invertedparabolic approximation for the top of the barrier) [4, 11] .
Barrier Distribution from Fusion
From a theoretical point of view, the standard way to address the influence of coupling between the relative motion and the nuclear intrinsic degrees of freedom is through the use of the coupled-channels formalism. This includes couplings to static deformation, vibrational states and also transfer and breakup channels. In case of heavier nuclei, strength of the coupling is more and it is necessary to include higher-order terms in the expansion of coupling potential [17] . The geometrical model predicts that for reactions involving rotational nuclei the one dimensional Coulomb barrier is replaced by a continuous distribution of fusion barriers which correspond to the different mutual orientations of the projectile and the target nucleus. In this case the total fusion cross section is given by an integral over a continuous distribution of barriers [18, 19] ( ) = 2 ( ) 2 (15) which is referred to as the barrier distribution. This quantity is directly related to the height of the potential barrier. For the cross section of Wong approximation obtains the closed expression,
One obtains,
Classically the Fermi function is roughly a step function, whose derivative is just the Dirac delta function. That is
where, and are represented the height and radius of potential barrier [11] . From experimental and calculated of the excitation functions have allowed the extraction of the distribution of barriers ( ) by taking the second derivative of the product , with respect to , where is the fusion cross section and is the energy in center of mass frame [17, 21] . Numerically this was calculated using a point difference formula. For data with equal energy steps, i.e., = ( 2 − 1) = ( 3 − 2) the expressional energy = ( 1 + 2 2 + 3)/4, is given by [17, 21] 
The statistical error associated with the second derivative at energy is approximately given by
where ( ) are the absolute cross section uncertainties.
Results and Discussion
In this section, the theoretical results obtained for fusion cross section , and fusion barrier distribution using the semiclassical approach for the systems 40 Ar+ 110 Pd and 132 Sn+ 48 Ca are explained. The semiclassical calculations for and are compared with the experimental data and with the full quantum mechanical calculations using the CCFULL code. The Akÿz-Winther potential parameters used in the present calculations are displayed in Table 1 . 
The reaction 40 Ar+ 110 Pd
The calculation of the fusion cross section , and fusion barrier distribution is presented in Figure 1 panel (a) and panel (b) , respectively for the system 40 Ar+ 110 Pd. The dashed blue and red curves represent the semiclassical and full quantum mechanical calculations without coupling, respectively. The solid blue and red curves are the calculations including the coupling effects for the semiclassical and full quantum mechanical calculations, respectively. Figure 1  panel (a) shows the comparison between our semiclassical and full quantum mechanical calculations with the respective experimental data (solid circles). The experimental data for this system obtained from Ref. [22] . The CCFULL calculations has been performed by considering rotational deformation for the target nucleus including two excited states, the first excitation energy E(2 + ) equals 0.3738 (MeV) [24] and the second excitation energy E(4 + ) equal 9.2078 (MeV) [24] , while the projectile nucleus 40Ar is taken as vibrational coupling to the state (3 − ) 3.6808 (MeV) [25] . The deformation parameters used for the rotational Of the experimental Coulomb barrier for this system is taken from Ref. [22] is indicated by green arrow as shown in Figure 1 panel (a) . In the case of nocoupling both semiclassical and full quantum mechanical calculations underestimate the experimental data below the Coulomb barrier. The inclusion of the coupling effects enhances markedly the calculations of fusion cross section for both semiclassical and quantum mechanical calculations. It is clearly seen that, the semiclassical calculations are more successful in reproducing the experimental data than the full quantum mechanical calculations above and below the Coulomb barrier. Figure 1 panel (b) shows the calculation of the fusion barrier distribution (mb/MeV). The experimental data of barrier distribution is taken in account the Wong fit model Eq. (16), by using the three-point difference method Eq. (20) which takes accurately for all points. The semiclassical calculations including the coupling effect are in better agreement than the full quantum mechanical calculations in comparison to the experimental data. 
The reaction 132 Sn+ 48 Ca
In similar analysis we compare our theoretical calculations of , and fusion barrier distribution with the corresponding experimental data in panels (a) and (b) of Figure 2 , respectively, for the system 132 Sn+ 48 Ca. The experimental data for this system is obtained from Ref. [23] . The CCFULL calculations are performed by taken the projectile to be inert, while the target is taken to be vibrational coupling to the state (3 − ) 4.5068 MeV from [28] with deformation parameters as tabulated in table 2. Figure 2 panel (a) shows clearly that in the absence of coupling neither semiclassical nor full quantum mechanical calculations are able to reproduce the experimental data below the Coulomb barrier. The inclusion of the coupling effects enhances the calculations in both semiclassical and full quantum mechanical. The full quantum mechanical calculations overshoots the experimental data around and above the Coulomb barrier, while the semiclassical calculations including coupling are more successful in reproducing the experimental data below and above the Coulomb barrier. The fusion barrier distribution has been calculated using the three point different method, in which Wong fit model has been considered for the experimental fusion barrier distribution. The semiclassical calculations are more successful in describing the experimental data than the full quantum mechanical calculations. 
Conclusion
The semiclassical approach including the coupling between the elastic channel and the continuum proves to be very successful in describing the total fusion reaction cross section and the fusion barrier distribution below and above the Coulomb barrier for medium and heavy systems. The success of the semiclassical approach used in the present work over the full quantum mechanical approach which is widely used by many authors make it competitive choice for the fusion reaction calculations. The success of the semiclassical approach is because of two important reasons; first, the approach has been successfully extended to consider the continuum as a discrete set of channels as in Ref. [5] ; therefore, the relative motion between the breakup fragments is more accurately described. Second, the analytical continuation of the time variable is used to extend the trajectories to classically forbidden regions which enhances the calculations below the Coulomb barrier [29] . This work can be extended to test the reliability of this semiclassical calculations for more systems involving light exotic nuclei and heavy systems.
